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A b s t r a c t  

S t a r t i n g  w i t h  a gene ra l  d i s p e r s i o n  equa t ion ,  t h e  

-+ 
expres s ion  aw/ak 

laws of Sommerfeld-Runge and Poeve r l e in ,  Hamilton's equa t ions  

f o r  ray t r a c i n g  and group speed are deduced h e r e  i n  v e c t o r  

n o t a t i o n  ( t h e  consequent use of which s i m p l i f i e s  a l s o  t h e  

i n t r o d u c t i o n  of c u r v i l i n e a r  coord ina te s ) .  Some p a r t i c u l a r  

forms of t he  d i s p e r s i o n  equa t ion  are d i scussed ,  e s p e c i a l l y  

f o r  e l ec t romagne t i c  waves i n  an incompressible  plasma pervaded 

by a magnetic f i e l d .  

f o r  t h e  group v e l o c i t y ,  and the r e f r a c t i o n  



1. Dispersion equation 

Since the pioneering paper of Haselgrove [1955] - about ray tracing 

in anisotropic media this has become an important tool for the theoretical 

explanation of measurements where the propagation of electromagnetic waves 

in the ionospheric or magnetospheric plasma is involved and the influence 

of the earth's magnetic field B is important. The latter causes the 
+ 

anisotropy of the plasma resulting in a complicated form of the dispersion 

equation 

+ +  
F(k,w;r,t) = 0 . 

For an incompressible ("cold") plasma this dispersion equation 

LStix 19627 
- 

can be written as a quadratic equation in k2 

(2) 
w 2  2 w 4  Ak4 - B(F) k + (F) C = 0 . 
0 0 

The coefficients A , B , C comprise the three eigenvalues is (s = -1, 

0,+1) of the effective dielectric tensor 

* 
U : unit tensor 
* 
u E conductivity tensor 

2 
qc Nc/mc w 

E = E  - 1  s = -1,0;+1 
c w + iv + sq B/m c S 0 

C C c 0 0 0  
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+ 
and the angle 8 between the propagation vector k and the earth's magnetic 

field 3 : 

The eigenvalues (3 )  and their linear combinations 
S 

-+ 
depend on the wave frequency w / 2 ~  and on r,t v$a the densities Nc , 
the collision frequencies vc , and 181. Hence A , B , C are functions 

+ 
of cos 8 ,  o and r,t : 

V V v 

2 E E - E  

E 
+ cos e 0 

A S -  
0 
+ +  E 

0 

V J  

2 ; € - E  k 
n cos 0 

E 0 E + + 8  +P-l ' + 0 + +1 -1 BE 
E L  
0 

E' 
0 

L E  E" 
0 +1 -1 

3 
C E  

E 
0 

For wave pulsations w very large in comparison with the 

gyro pulsations qi B / m i c o G  of the ions the electrons'alone 

need to be considered. With the standard notation 

(5) 
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t h e  c o e f f i c i e n t s  A , B , C can be wri t ten  

2 ~ ( 1  - 9 = 1 - - i2 + cos2e 

- 2  C(1 - Y ) = (1 - i)3 - (1 - i ) Y 2  

and t h e  s o l u t i o n  of t h e  d i s p e r s i o n  equa t ion  (2)  i s  t h e  well-known 

d i s p e r s i o n  formula of Appleton F1928jand Lassen [1924 . 

The t a k i n g  i n t o  account of the c o l l i s i o n  f r equenc ie s  v g ives  
C 

rise t o  complex c o e f f i c i e n t s ( 5 ) i n  t h e  d i s p e r s i o n  equa t ion  (2 ) .  

s e p a r a t i n g  i ts  real and imaginary p a r t s  we  o b t a i n  two coupled equa t ions  

for t h e  ( r e a l )  propagat ion v e c t o r  R e  k and t h e  a b s o r p t i o n  v e c t o r  I m  % . 
For t h e i r  s o l u t i o n  w e  have t o  p r e s c r i b e  both t h e  d i r e c t i o n s  of 

and of I m  z . 
i n t o  a " s t r a t i f i e d "  ionosphere.)  This  makes 

By 

3 

R e  z 
(They co inc ide  on ly  f o r  ver t ical  inc idence  of waves 
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,\ + - 
: 4  - -  * B  Rei:+ i Im; cos e = 

/(Re & 2  - (Im c)2 + 2i Re * Im c 
in general complex and thus complicates considerably all calculations. 

Only with 

-+ 
IIm 21 << (Re k[ for weak absorption 

we may regard 

(7) 

as (nearly) real and 

-b -f -b -+ 
0 = Re F(Re k + i Im k, w;r,t) * Re F(Re k, o;r,t) [ill 

as the dispersion equation to be solved for a given direction of Re . 
For the sake of simplicity we neglect the absorption completely 

in the following. 

writing Re F and Re k instead of F and k in the finite results. 

Weak absorption (7) can be taken into account by 
-f -b 

2. Hamilton's equations 

For the calculation of group propagation we start with the well- 

known expression 
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for the group velocity. 

a connection between w and k and requires a given k we need further 

equations for the determination of k during the group travel. These 

Since the dispersion equation (1) gives only 
I\ 
-t 

,\ .+ 

are given by the refraction law of Sommerfeld and Runge 1'191ii - and its 

four-dimensional generalization by Poeverlein 1-1961' -I : 

Together with'the dispersion equation (1) the equations (8) (9) suffice 

for the caluclation of the group propagation. But they are rather unhandy 

for an actual computation and therefore we will transform them into a 

more convenient form. 

For this we differentiate the dispersion equation 

+ +  
F(k,w;r,t) = 0 

-b 
totally with respect to r : 

Combining t h i s  equation with the Somerfeld-Runge law (9) in the form 
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and with Poeverlein's law (9) we obtain 

+ Total differentiation of the dispersion equation (1) with respect to 

yields 

k 

and hence with Eq. (8) the expression 

for the group velocity. 

as the "mobile operator'' 

We now recognize the parenthesis in Eq. (10) 

d a d; a 
dt at dt ar + 
- = - + - .  - 

describing the total temporal variation at a point traveling with 

d;/dt. Therefore Eq. (10) can be written 

dz aF aF - = -  - a@ a; dt 

In a completely analogous manner the total temporal differ- 

entiation of the dispersion equation (1) leads to 
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i 
dw aF aF - p - -  - ,  
dt at, aw 

The three equations 

together with the dispersion equation (1) - are now sufficient for the 
calculation of the group propagation. 

we. can write them in a more symmetrical form by introducing a differential 

parameter d-r which describes the propagation along the group path (ray): 

Since they have the same denominator 

d: aF 
ai: 

- = -  
dT 

A 

aF - dw - - -  aF a - -  
dt - 
dT aw dr at 

The vector equations (14a) are Hamilton's equations for 

geometrical optics, the two scalar equations (14b) their four-dimensional 

generalizations LSynge 19541 - . The parameter d-r depends on the parti- 

cular form of the dispersion equation (1). Its elimination leads back 

r 

to the equations (11) (12) (13); but for a numerical solution of the 

equations (14) it is preferable to retain dT . 

For physical interpretations it is sometimes useful to have the 

group path element 
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ds = ,/d: d; 

as a differential parameter instead of the merely mathematical quantity 

From the first vectorial Hamilton equation (14a) we obtain by scalar 

multiplication with itself immediately 

dT . 

which we can use to replace d-c by ds  . 

3 .  Particular forms of Hamilton's equations 

As was pointed out by Synge we may use as dispersion 
2 

equation 
+ +  

F(k,w;r,t) = 0 

not only an equation of the form 

but also any solution of it written in a proper form. 

we will discuss three particular examples. 

In the following 

+ +  
If we have a solution of the form w = w(k;r,t) we can write 

a new dispersion equation (after multiplication with Planck's constant -IT ) 
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+ +  + +  
FH kw - im ( t rk;r , t )  = E - H ( p ; r , t )  t 0 

p u t  t h i s  i n t o  t h e  gene ra l  Hamilton equa t ions  (14) o b t a i n i n g  

and 

dt/dTH = h 

- P -  d; aH &--  aH dE aH 
' d t  a; dt a$ 

These are Hamilton's canon ica l  equa t ions  i n  a n a l y t i c a l  mechanics, $.e. 

t h e  equa t ions  f o r  t h e  group propagat ion of matter waves. 

With any of t h e  two s o l u t i o n s  

of Eq. (2) w e  can w r i t e  a d i s p e r s i o n  equa t ion  

A + +  
Fk : k - k(k ,w; r , t )  = 0 

and find f r o m  the f irst  scalar Hamilton equation (14b) t o g e t h e r  w i th  (8) 

,I + + a w  S a w  
d t  = k y d t  = k d r  . - -  

dTk - ak ak 

+ 
This  is  t h e  l o n g i t u d i n a l  component of t h e  group p a t h  element 

i t s  p r o j e c t i o n  upon t h e  wave normal 

d r  , <.e. 
\ 
-f 
k . 
$ +  

Dividing Fk = 0 (16) by k(k ,w; r , t )  w e  o b t a i n  t h e  d i s p e r s i o n  

equa t ion  used by Haselgrove '19551 : 
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which y i e l d s  

a w  + 
= k - d t = k * d ;  . d T G - l  ak 

4.  Coupled v e c t o r  equa t ion  

The second v e c t o r i a l  Hamilton equa t ion  (14a) d e s c r i b e s  t h e  
+ 

v a r i a t i o n  of k along t h e  r ay .  In s t ead  of t h i s  i t  i s  o f t e n  advantageous 
r; 

t o  have an  equa t ion  f o r  t h e  v a r i a t i o n  of t h e  d i r e c t i o n  k a lone ,  because 

a f t e r  i t s  s o l u t i o n  w e  can determine t h e  a b s o l u t e  v a l u e  k by means of 

t h e  d i s p e r s i o n  formula 

I ', + +  
k = k(k ,w; r , t )  . 

+ 
Therefore  w e  can decompose t h e  v a r i a t i o n  of 

k and $ . 
k i n t o  t h e  v a r i a t i o n s  of 

Doing t h i s  i n  t h e  d i f f e r e n t i a l  o p e r a t o r  a/a': of t h e  f i r s t  

Hamilton equa t ion  (14a) we o b t a i n  
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The first (longitundinal) term acts only upon 

one only upon k . 
'4 expanding the double vector product.) In our gyrotropic plasma k 

appears in the function F(k,k,w) only in the combination 

k , the second (transversal) 
+ 

(The decomposition (17) can easily be verified by 

, + 

I' \ + +  
cos 0 k B 

[see Eq. ( 5 )  I and we have 
d 

With Eqs. (17) (18) the first Hamilton equation (14a) is written 

+ 
F(k,cos B,w;r,t) a cos e 

+ +  + a  B - ~ C O S ~  
d; i 

k 
- =jk-+ 
d-c ak 

+ + 
Putting k = k k into the second Hamilton equation (14a) we 

obtain 
. \  

dc 2 dk aF 
a; 

k- + k x = - -  d-c 

+ 
To eliminate dk/d.r we multiply this equation scalarly with k getting (with 
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and hence 

I Z  
-t -+ 

The s o l u t i o n  k ( a ; T ( r ) )  of Eq. (20) g-Jes u s  t h e  wave norma 

along t h e  r a y  ~ ( r ) ,  i . e .  t h e  phase pa th .  With t h i s  w e  s o l v e  Eq. (19) 
-+ 

f o r  t h e  r ay  i t s e l f .  

w i th  t h e  d i s p e r s i o n  formula (15) form a complete set f o r  t h e  de t e rmina t ion  

of phase path and group path ( r ay ) .  

Thus t h e  coupled v e c t o r  equat ions (19) (20) t o g e t h e r  

To r e p l a c e  t h e  mathematical  parameter dT by t h e  group p a t h  

element d s  we use  

wi th  Eq. (19) and o b t a i n  

2 '  d s  s i n  6 ' aF = f -  i - 
d-c ak I k2 \a COS e 

Dividing eqs .  (19) (20) by eq. (21)  w e  o b t a i n  coupled v e c t o r  equat ions 
,. 

f o r  t h e  u n i t  v e c t o r  d:/ds and dg/ds.  Dividing Eq. (14b) ~ ds /d r  

w e  g e t  an equa t ion  f o r  t h e  r e c i p r o c a l  group speed 
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I n t e g r a t i o n  along t h e  ray p a t h  y i e l d s  t h e  group travel time 

0 
J T  J S  

0 

5 .  The c o e f f i c i e n t s  i n  t h e  f i r s t  Hamilton equa t ion  f o r  g y r o t r o p i c  incom- 

p r e s s i b l e  plasma. 

The c o e f f i c i e n t s  

1 aF - a F  and - ak k a COS e 

on t h e  right-hand s i d e  of t h e  f i r s t  Hamilton equa t ion  (19), which e n t e r  also 

t h e  expres s ion  (21)  f o r  ds/dT, can e a s i l y  be c a l c u l a t e d  from the  d i s p e r s i o n  

e q u a t i o n  

w i t h  t h e  c o e f f i c i e n t s  A ,  B ,  C given by E q s .  ( 5 )  o r  ( 6 ) .  Since F i s  

q u a d r a t i c  i n  k2 w e  have 

2 - -  aF - 2k, ( f i d i s c r i m i n a n t  of F ) = 2kt($,) (*dB2 - 4AC ) 
ak* ‘ 0  

which can be  w r i t t e n  as [ S t i x  19621 
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J . 8  

. T m  € E  

2 cos e aF ' i y  0 - 
2k, 

- - =  
ak* +O € 2  5 

0 

wi th  

I- - -XY 
- ( l - X )  7 

€ 2  1-Y2 

0 
E. 

0 

and 

( 2 3 )  2 cos 8 1-2 
< E  " 4  Y 

s i n 2 8  Y 

d "  

E €  - ** 0 -  
2 cos 8 

\I ,' 

- E  E 
o +  s i n 2  e 

The correspondence of the 

phys ic s ,  cf. Eq.  (27b) below. The approximate forms of E ~ E -  and 5 a r e  

v a l i d  i f  only e l e c t r o n s  (and no ions )  a r e  taken i n t o  account. 

'-signs i n  (23)  i s  convent ional  i n  ionosphe r i c  
\' 4 

We write the  second c o e f f i c i e n t  i n  a s imilar  manner: 

0 E2 s i n 2  e 
0 

k 3 cos (3 

wi th  

The no rma l i za t ion  r e l a t i o n  (21) f o r - t h e  i n t r o d u c t i o n  of t h e  group 

pa th  element d s  i s  w r i t t e n  wi th  E q s .  (23) (24) 



-15- 

~ . . . . . . .. , 
I / c  \ 2  r- 2 cos e 

t 
1 1 + c 2  + cot2e 

ds / 

/ 

(- = i v 
dT f C 

2 
1-',$.' 

Therefore  t h e  f i r s t  Hamilton equat ion 

A \  + +  
d; B -  k COS 6 a F  'i. aF 

d.r ak k a COS e 
+ = k -  - 

can now be w r i t t e n  wi th  Eqs. (23) (24) and (25 )  as an equa t ion  f o r  t h e  uni t  

The v e c t o r  

R + 
i s  a t r a n s v e r s a l  u n i t  v e c t o r  (pe rpend icu la r  to t h e  wave normal k ) .  

6 .  Discussion of l i m i t i n g  cases 

For t h e  (numerical)  i n t e g r a t i o n  of t h e  second Hamilton equa t ion  

ds ds a i -  
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o r  t h e  e q u i v a l e n t  equa t ion  

and of 

f o r  the group t r a v e l  time some l i m i t i n g  values  need special  cons ide ra t ion :  

V a)  ho + 0 f o r  0 # 0 and + 0 f o r  a r b i t r a r y  9 

b)  6- + 0 f o r  9 # 0 4 

i - E  

f o  +l c) 0 + 0 f o r  Eo # 0 and k 
2E0 

- 
.+ 

d) 8 + O  and E + O o r  E - + O .  
0 

a )  The vanishing of one eigenvalue 

E ' -  = E  - 1  (s  = 0, 1) [ 31 
S 0 c u + i u  + s q c B / m  c 6  

C c 0 0 0  

causes the van i sh ing  o f  one of t h e  two r o o t s  

(2 )  ( 5 ) .  With some s t r a i g h t f o r w a r d  c a l c u l a t i o n s  w e  o b t a i n  t h e  fol lowing 

l i m i t i n g  values  [Rawer - Suchy, 1966 a ]  f o r  s 0  # 0:  

k l  of the  d i s p e r s i o n  e q u a t i o n  

2cos 9 €OE-S 

s in20  ~ ~ ( 2 ; ~  - E 

, l i m  6 = s 2cos 9 l i m  5 = S - 
GS+O s in20  ES+o -S 
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2 2 

, l i m  - = - . (27b) 
k 2  w / w \ 2  1 - k: l i m  - = ' -  - 

u 
c 1 + c o d e  

EO* h o / E o  ' \ c  0 s i n 2 e  : '1 4 QEo 0 

With t h i s  w e  f i n d  from E q .  (25) 

, -  
E 

(ds/d-r)+ 1 1 i m  - -2 
4 

E 2 s i n 2 8  
0 0 

E O N  

I t  i s  t h e r e f o r e  advantageous t o  w r i t e  i n  t he  v i c i n i t y  of a zero of k, t he  

i n t e g r a t i o n  parameter d-r as fol lows:  

- -- 
By choosing the  i n t e r v a l s  ds f o r  t he  i n t e g r a t i o n  p r o p o r t i o n a l  t o  J Z s / E o  

t he  two f a c t o r s  

remain f i n i t e .  A t  t h e  p o i n t  k = 0 i t s e l f  
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+ 
i s  i n f i n i t e ,  k changes through 180'. The l i m i t i n g  values  f o r  d;/ds are 

from Eq .  (26)  

2 -b 

Because k and thus 0 changes through 180' s o  does d r / d s ,  which means 

t o t a l  r e f l e c t i o n .  
4 

The p a r t i c u l a r  case 

b) . I f  - vanishes  f o r  f i n i t e  8 then 

c0+ 0 + 0 i s  t r e a t e d  i n  d)  below. 

€ E  2cos e 0 -  < E  - 
4 4  - ; 2  s in28  E + ~ E - ~  o +  

van i shes ,  k remains f i n i t e ,  and we o b t a i n  from E q s .  (25) and (26)  t o g e t h e r  

w i th  Eq .  (24a) f o r  6 

-- I ,& ' ,  - - l i m  i ds , 
t d 

+L! E 
E. +o - 

1 '. - 

We have no z e r o  of ds/d-r and t h e  l i m i t i n g  v a l u e s  f o r  (d;/ds), do n o t  

allow a s i m p l e  geometr ical  r e p r e s e n t a t i o n .  P h y s i c a l l y  t h e  c r o s s i n g  over 
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5 = 0 means an &erna t ion  i n  t h e  sense of r o t a t i o n  of t he  t r a n s v e r s a l  po la r i za -  

t i o n  (1 k) through l i n e a r  p o l a r i z a t i o n  i n t o  the  oppos i t e  s ense  of r o t a t i o n  

[ S t i x ,  19621. [For  %o = 0 t h e  va lue  5 = 0 i s  n o t  crossed over b u t  only 

touched, because of t h e  t o t a l  r e f l e c t i o n  a t  

The disappearance of E - 

e n t  s p e c i e s  of i o n s  a r e  taken i n t o  account,  s e e  Eq. (3). 

-b 

5 = 0 ,  see case a) above,]  

v i n  a plasma i s  only p o s s i b l e  i f  a t  least  two d i f f e r -  

c)  The vanishing of s i n e  causes 

v 

2c0se I-x v u   COS e E E  

4 ./ 
t o  i n c r e a s e  of second o r d e r  t o  i n f i n i t y  as long as E 0 and E - remain f i n i t e .  

Therefore  w e  w r i t e  (ds/d.r),) Eq.  (251, and (ds/ds) , )  Eq. (261, as follows: 

+ ’, 

The l i m i t i n g  values  can now e a s i l y  be ob ta ined  wi th  Eqs. (23b) and (24a) f o r  

5 and 6 and E q .  (26a) f o r  t h e  u n i t  v e c t o r  ( k c w e  - B ) / l s i n 0 l :  
: \ 

-t 
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I n  t h i s  case w e  have aga in  no zero i n  ds/d.r. 

us t o  a s i m p l e  l i m i t i n g  va lue  f o r  

The u n i t  vec to r  (26a) had lead 

dG/ds. 

d 
d) I f  s i n e  and E o r  E - vanish s imultaneously the corresponding 

0 

l i m i t i n g  value of 
., ..' 

may be a t  f i r s t  regarded as f i n i t e .  .We t h e r e f o r e  w r i t e  (ds/d.r) ,  Eq. (251, 

and (d:/ds), E q .  (26 ) ,  as fol lows:  

(" dT . . I ,  '') 

1- 

This y i e l d s  the  l i m i t i n g  va lues  
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A \ 

d c  
d0 d0 

+ f -2 ; + 
+ dk) - = ?: l i m  - (35b) k cos0 - B 

f l i m  = * l i m  ( 
d r  
ds f s i n e  

l i m  - = 
0+0 

I n  Eq. (35a) t h e  l i m i t  of k, i s  f i n i t e ,  because k, vanishes  f o r  E + 0 

only i f  0 # 0 and k remains f i n i t e  anyway a t  E = 0. Analogous t o  Eq. 

(29)  w e  wr i te  

0 
v' 

0 - 

/ 

d'r d-r = ds - = ds,' 
0 

and chose t h e  i n t e r v a l s  ds p r o p o r t i o n a l  t o  J----i E E / E ~ .  Then each of  t h e  two 

-44 
f a c t o r s  i n  Eq. (36) remains f i n i t e  i n  t h e  v i c i n i t y  of E E = 0 f o r  8 = 0. 

0 -  

To o b t a i n  more informat ion  about lim(d;/ds), Eq. (35b) w e  

sub s ti  t u  te 

,2 .- + 
i n t o  Eq. (35b) and g e t  w i t h  k + 3 

+ 
The f a c t o r  lim(dT/kd0) can b e  r ep laced  because d r /ds  i s  a u n i t  vec to r :  
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-+ 
Thus l i m  d:/ds i s  pe rpend icu la r  t o  B and i n  the plane through the  v e c t o r s  

B and aF/a;. + 

The s i g n  of t h e  r o o t  i n  E q .  ( 3 7 )  i s  s t i l l  undertermined. To dec ide  

whether i t  changes o r  n o t  du r ing  t h e  t r a n s i t i o n  

d i s t i n g u i s h  the  cases  E -+ 0 and - + 0. A change would mean t o t a l  r e f l e c -  

t i o n .  

8 -t 0 f ;oi - one has t o  

b, 

0 

F o r  E - -+ 0 w e  can o b t a i n  t h e  l i m i t i n g  va lue  (35b) for d:/ds 

-+ 
a l s o  from E q .  (31b) ,  w i th  0 -f 0. Hence d r / d s  does no t  show a p e c u l i a r  

behavior  i n  t h i s  case  and w e  cannot await t o t a l  r e f l e c t i o n .  

-+ ,, 
F o r  E -+ 0 we o b t a i n  t h e  same l i m i t i n g  values  f o r  (d r /ds )+  from 

0 

Eq.  (35b) and from Eq. (30).  The l a t t e r  ho lds ,  however, f o r  a case of t o t a l  

r e f l e c t i o n  and thus w e  have t o t a l  r e f l e c t i o n  a l s o  i n  Eq. (37)  for t h e  +-mode. 

Since k+ remains f i n i t e  f o r  0 = 0 w e  have, according t o  Eq. (20), no 

sudden change of t h e  d i r e c t i o n  k through 180' i n  t h i s  case. This  causes a 
0 + 

cusp i n  the r ay  p a t h  [ P o e v e r l e i n  1949, 19501. 

I f  

t h e  r e s u l t s  depend on t h e  sequence of t h e  l i m i t i n g  p rocesses .  

t h e  cusps f o r  t he  +-mode would b e  a kink.  

coupled i n  this p a r t i c u l a r  case and a s p e c i a l  d i s c u s s i o n . i s  needed [ P o e v e r l e i n  

The l i m i t  of 

But t h e  two modes are s t r o n g l y  

1949, 19501. 
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7. The group speed i n  a g y r o t r o p i c  incompressible  p lasma 

The expres s ion  aF/aw f o r  t h e  r e c i p r o c a l  group speed, Eq. (22a) ,  

i s  r a t h e r  i nvo lved ,  s i n c e  t h e  eigenvalues  

- qc  2 N  q c  c - - 
.u2 / w  

v 

wi th  u2 - Nc E 

N c  ~ r n  ' 'BC m c J E ~ ~ ~  
- 1 - 1  S - -  

o c  c o  E c w + i u  + suBc 
0 C 

i n  the c o e f f i c i e n t s  (5) of t he  d i s p e r s i o n  equa t ion  

depend on w i n  a somewhat complicated manner. It i s  advantageous t o  

wri te  

- - -  2F 1 ( f  - BF) aF 2 aw2F 

aw w au2 w w 

- = -  

wi th  the q u a d r a t i c  polynomial i n  k2 

having t h e  (dimensionless)  c o e f f i c i e n t s  

aw2A 
aw2 a =  



-24- 

Th.e ( f i n i t e )  f a c t o r  B i s  a r b i t r a r y  because F = 0. 

With the  e igenva lues  

w e  can w r i t e  t he  c o e f f i c i e n t s  a ,  b ,  c ,  Eq. ( 3 8 b ) ,  using the  expres s ions  

(5) f o r  A ,  B ,  C:  

2 a = a + (ao - a+) cos 8 + 

1 
The eigenvalues  a and t h e i r  l i n e a r  combination a =-(a + a 1) can S + - 2  +1 - 
e a s i l y  b e  ca l cua ted  w i t h  Eq. ( 3 ) ,  y i e l d i n g  
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For t h e  de t e rmina t ion  of t h e  group travel t i m e  w e  have w i t h  Eqs. 

( 2 2 4  (38) 

w i t h  dT/ds given by Eq. (25), the  polynomials f and F given by 

Eqs. (38a,b) ( 4 0 )  (41a,b) and (2) (3) (5) .  The f a c t o r  B i s  a r b i t r a r y  

and may b e  chosen as zero.  

8. The second Hamilton equa t ion  i n  c u r v i l i n e a r  coord ina te s  

Our las t  t a s k  i s  t h e  c a l c u l a t i o n  of t h e  s p a t i a l  d e r i v a t i v e  aF/a: 

i n  t h e  second Hamilton equa t ion  

For t h i s  p a r t i a l  d i f f e r e n t i a t i o n  t h e  ve-ctor 

-+ 
k = kvgv = kvz (summation over r epea ted  suffixes) ( 4 2 )  

has  t o  b e  k e p t  cons t an t .  

+ +V 
ve c t o rs gv = g 

c u r v i l i n e a r  c o o r d i n a t e s ,  however, t h e  condition i s  t h e  van i sh ing  of 

I n  Car t e s i an  coord ina te s  w i t h  cons t an t  b a s i s  

t h i s  means cons t an t  components kV = kV. I n  g e n e r a l  

-+ 
dk = d(kvgv)  = dkvzv + kvd& = dkvzv + kvd; g’ [vp,X] ( 4 3 )  
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[Fues 19571 wi th  t h e  C h r i s t o f f e l  symbol o f  f i r s t  k ind  

Therefore  w e  have t o  w r i t e  

-+ 
P u t t i n g  dk = 0 w e  f i n d  w i t h  E q .  (43) 

hence 

S u b s t i t u t i n g  dc/d.r from E q .  (43) i n t o  the  le f t -hand  s i d e  of t h e  second 

Hamilton equa t ion  (14a) and Eq.  (44) i n t o  i t s  r ight-hand s i d e  w e  o b t a i n  

w i t h  d;/d-c = aF/a< (14a) 

and w i t h  
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%lJ 
[up,A] - [vA,lJ] = - - - x ax lJ ax 

w e  have f i n a l l y  

To e l i m i n a t e  the  b a s i s  v e c t o r s  w e  use 

aF +A aF  + l  aF - -  - g  - -  

ar ax ai: ak' A '  g - =  + 

f o r  t h e  m u l t i p l i c a t i o n  of Eq. (45) wi th  gK, y i e l d i n g  [Haselgrove 19551 

I f  t h e  c u r v i l i n e a r  coord ina te s  a r e  or thogonal  w e  can t ransform the  

c o n t r a v a r i a n t  components k" i n t o  t h e  "physical  components" 

_- 
5 gKkK w i t h  gK 5 Jg, = l / i g K K  (no summation) 

( K )  
k 

which has been done by Haselgrove [19551. 

The equa t ion  
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.. 
i s  very involved i n  c u r v i l i n e a r  coord ina te s ,  because t h e  cond i t ion  of 

be ing  a u n i t  v e c t o r  complicates  s e r i o u s l y  a l l  expres s ions ,  even fo r  or tho-  

gonal  coord ina tes .  

9, Concluding remarks 

I n  our deduct ion o f  Hamilton's equat ions  we have i n t e n t i o n a l l y  

awoided as s t a r t i n g  p o i n t  an i n t e g r a l  p r i n c i p l e  such as Fermat 's  p r i n c i p l e ,  

s i n c e  t h e  form of  i t s  in t eg rand  L ( t h e  "Lagrangean") and i t s  i n t e g r a t i o n  

v a r i a b l e  dT cannot be  deduced from p h y s i c a l  assumptions,  b u t  must b e  

j u s t i f i e d  a p o s t e r i o r i .  On t h e  o t h e r  hand, from Hamilton's equa t ions  (14a, b )  

t h e  fo l lowing  i n t e g r a l  p r i n c i p l e  can be  de r ived  [Rawer-Suchy 1966b J : 
-f 

r , t  
+ + + + 

d T  L ( k ,  w; r ,  t )  = 0 wi th  6 r o  = 6 t o  = 0 = 6 r  = 6 t  
-+ 

o r t o  r 

wi th  

For  cons t an t  w t h i s  y i e l d s  Fermat 's  p r i n c i p l e  
-+ 
r 

6 d : * c  = 0 . 
+ J  

0 
r 

The v a l i d i t y  of Hamil ton 's  equa t ions  i s  only  r e s t r i c t e d  by t h e  



-29- 

a p p l i c a b i l i t y  of geometr ic  o p t i c s  f o r  t h e  problem under cons ide ra t ion  and 

the  weakness of absorp t ion .  To omit t he  l a t t e r  r e s t r i c t i o n  some proposa ls  

have been made [ B r a n d s t a t t e r  1963; A l l i s ,  Buchsbaum, Bers 19631 b u t  they 

seem t o  be c o n t r o v e r s i a l  [Furu t su  19521. 

I f  geometr ic  o p t i c s  f a i l s  t o  provide  a reasonable  approximation 

f u l l  wave o p t i c s  has  t o  be  employed. 

media have h i t h e r t o  been t r e a t e d  thoroughly ( a  survey i s  given by R a w e r  and 

Suchy [1966c]) .  On t h e  o t h e r  hand, f o r  t h e s e  s t r a t i f i e d  a n i s o t r o p i c  media 

equat ions  f o r ' r a y  t r a c i n g  and group speed have been deduced us ing  the  method 

of s t a t i o n a r y  phase [Booker 1939; Mi l l i ng ton  19511. They can b e  shown t o  be  

special  cases  of Hamiltox's equat ions  [Rawer - Suchy 1966dl. 

Among a n i s o t r o p i c  media only " S t r a t i f i e d "  

The f u l l  s t r e n g t h  of Hamilton's equat ions  becomes ev iden t  i n  

a p p l i c a t i o n s  t o  n o n - s t r a t i f i e d  a n i s o t r o p i c  media,  e.g.  t h e  magnetosphere and 

a l s o  t h e  ionosphere wi th  l a r g e  l o c a l  d e n s i t y  i r r e g u l a r i t i e s .  For t h e  l a t t e r  

numerical  computations of group pa ths  and t r a v e l  t i m e s  wi th  Hamilton's 

equat ions  are now being performed a t  t h e  I n s t i t u t e  f o r  Telecommunication 

Sciences and Aeronomy, Environmental Sc ience  Services Adminis t ra t ion ,  Boulder,  

Colorado [Pau l ,  Smith and Wright 19651. 
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